With the aim of exploring the conditions which determine a chaotic behavior in the long-run properties of an economic model, this paper innovates the existing Keynesian macroeconomic literature by showing that the dynamics of the well-known IS-LM model may generate a double-scroll strange attractor, for a particular set of structural parameters.
Paolo Mattana's actual research activity mainly involves the analysis of transitional and long-run dynamics arising in variants of the two-sector growth models with particular regard to indeterminacy problems and chaotic solutions. Investigations of this kind are important in economic theory since help mapping the regions of the parameters space in correspondence of which the capacity of the models to produce indications on future economic outcomes starting from given fundamentals is drastically impaired.
following three-dimensional planar system of first order differential equations (see also Sasakura, 1994) 1 ( ) [ ( , ) ] We also assume that all functions are continuously differentiable at a suitable order. Let L(r, y) be the liquidity (i.e., money demand) function, depending on r, the (real) interest rate, and y, the income level. As commonly found in the related literature, we need that L y > 0 and L r < 0. Moreover, let I(r, y) represent the investment function, and let S(y D , W) capture savings as function of both disposable income, y D , and wealth, W, which corresponds herein to the total amount of real money balances, W = m, for we assume no bonds issued, to simplify the analysis. Finally, the tax collection function, T(y), is assumed to proportionally depend on income (T = τy). As for the set of parameters, let g > 0 be the (constant) government expenditure, τ is the tax share, whereas α and δ are simple scale parameters.
For the sake of a simple representation, and without any loss of generality, we can assume linearity for both the liquidity function L = γy -βr, and the disposable income
System ( 
where we find it also convenient to define f(y, r, m) = I(y, r) -S(y D , W) as the function of total inventories, which is more suitable to work with in the mathematical proceedings of the paper.
Steady state
Let (r*, y*, m*) be values of (r, y, m) such that system (2) 
where f(⋅) → R is a function conveniently smooth in all its arguments, and fulfils the standard Kaldorian assumptions. 2 In particular, we are interested in the case where df/dy = I y -S y changes sign in its domain, for specific values of y. Then f(⋅) can have multiple intersections with the y-axis, that is multiple steady states emerge (see Figure 1) .
The tools of global analysis become thus necessary to investigate the stability of the equilibrium. More precisely, a global bifurcation analysis will allow us to prove that the economy described by system (2) can exhibit chaotic fluctuations. We prove so by showing the set of necessary conditions for the emergence of a double scroll quasi-attractor, and determine the regions in the parameter space which imply the existence of chaotic motion. The demonstration is not trivial and requires several steps to be accomplished. 
Saddle-foci dynamics
Consider the following linearisation matrix associated with system (2) at the steady state, that is:
where for the sake of a simple notation, the arguments of the partial derivatives of f(⋅) have been dropped. Let the characteristic polynomial associated with J* be
where I is the identity matrix. Tr(J*), Det(J*) and B(J*) are the trace, determinant and sum of principal minors of J*, respectively. In the Appendix, they are shown to be
In order to check whether system (2) may exhibit a set of periodic trajectories which lead to the formation of a chaotic attractor, we need to apply the well-known Shilnikov criterion:
Theorem 1: If the third-order autonomous system (2) has two saddle-foci (of index 2) equilibrium points, E 1 and E 2 , with eigenvalues associated to (4) given by η k ∈ R and
and there exists a heteroclinic orbit, connecting E 1 and E 2 , then the dynamic flow in the neighbourhood of heteroclinic orbit exhibits a Smale horseshoe type of chaos.
Proof: See Wang et al. (2009) ■
In what follows, we show that system (2) fulfils the above theorem. This is obtained by solving (5) with Cardano's formula, which provides the following three roots: 
that is explicitly 
which guarantee the emergence of a scroll (a wing) around the equilibrium points.
Global analysis and chaos
In general, following Gamero et al. (1999) , the dynamics of system (2) can be described through the partial unfolding of a triple-zero eigenvalue bifurcation system in the normal form 
is the expansion of second (or higher) order non-linear terms. Therefore, P constitutes an organising centre of a codimension-three singularity where the origin exhibits a triple-zero eigenvalue, which in embryo contains several bifurcation singularities. In particular, in what follows, we will concentrate our attention on the possible emergence of chaotic motion. A detailed procedure is described henceforth in the Appendix.
For the sake of a simple mathematical analysis, we expand φ(w 1 , w 2 , w 3 ) up to the third degree, and annihilate all cross-product coefficients, since they do not affect the scope of our study. This allows us to reduce P to the following hypernormal form Moreover, without any loss of generality, we can also set s 2 = -1, such that system M resembles the little-known non-linear Arneodo system, a particular convenient normal form with a very rich associated dynamics, crucially depending on parameter s 1 , including the emergence of a complex chaotic attractor.
Interestingly, both the size and sign of s 1 provide very useful economic insights. In detail, s 1 represents the second order derivative of f*(⋅) with respect to r, which can be interpreted as a measure of the variation (acceleration) of speed adjustment of total inventories with respect to the real interest rate, * * * , rr rr rr f I S = − which in modulus can be greater (lower) than unity. Basically, this suggests that, given the negative effect of real interest rate on the investment function, the sign on the savings functions remains still uncertain, as suggested by the standard economic theory. For the purpose of our paper, this means that only when * 0, rr S < that is to say standard Kaldorian assumptions are violated, the s1 parameter gets closer (in modulus) to zero, and the double-scroll chaotic scenario is likely to occur. We are able to show these differences numerically in the following examples.
Referring to Makovinyiova (2011) Example 2: If s 1 = -0.2, the hyperbolic fixed point of M exhibits a double scroll scenario (see Figure 3 ).
As thoroughly shown by Impram et al. (2003) , it appears that a two-dimensional manifold scrolls around a one-dimensional branch, giving rise to the complicated transition from a stable/unstable Hopf bifurcation structure towards the double scroll chaotic motion. More in detail, the irregular oscillatory behaviour in Figure 3 shows how two spiral quasi-attractors unite, including the invariant manifold of a salddle-focus. 
Conclusions
This paper innovates the literature regarding dynamic IS-LM models of Schinasi's (1981 Schinasi's ( , 1982 type. First of all, we find that the model admits a dual steady state. Second, and more important, we used the tools of global analysis to prove the emergence, for a class of parameters, of a double scroll strange attractor. In details, the global analysis of the bifurcation set allows us to derive precise details on the behavior of the equilibrium trajectories. To our scopes, we find particularly interesting to show that a heteroclinic orbit, connecting the two steady states, can arise for specific values in the parametric space. The most important implication that can be derived from this phenomenon is that the economy might perpetually oscillate between the two equilibria, one of which is associated to a lower steady state, the other referred to as a higher equilibrium level. Besides its complicate mathematical structure, this technique is able to provide very interesting results, and a promising application both in business cycles or financial and monetary problems. We can thus conclude that local stability analysis is not sufficient, for it might exhibit an attracting area in the vicinity of the steady state (e.g., a fixed point or limit cycle), whereas in the large an unpredictable (chaotic) motion emerges, where the dynamics of the system randomly fluctuates around the equilibrium, making thus longterm economic forecasting almost impossible. 
